We show that, in the low-scale type-I seesaw model, renormalization group running of neutrino parameters may lead to significant modifications of the leptonic mixing angles in view of so-called seesaw threshold effects. Especially, we derive analytical formulas for radiative corrections to neutrino parameters in crossing the different seesaw thresholds, and show that there may exist enhancement factors efficiently boosting the renormalization group running of the leptonic mixing angles. We find that, as a result of the seesaw threshold corrections to the leptonic mixing angles, various flavor symmetric mixing patterns (e.g., bi-maximal and tri-bimaximal mixing patterns) can be easily accommodated at relatively low energy scales, which is well within the reach of running and forthcoming experiments (e
I. INTRODUCTION
Experiments on neutrino oscillations have opened up a new window in searching for new physics beyond the Standard Model (SM) during the past decade. Since neutrinos are massless particles within the renormalizable SM, one often extends the SM particle content in order to accommodate massive neutrinos. Among various theories giving rise to neutrino masses, the seesaw mechanism attracts a lot of attention in virtue of its natural and simple description of tiny neutrino masses. In the conventional type-I seesaw model [1] [2] [3] [4] , three right-handed neutrinos are introduced with super-heavy Majorana masses far away from the electroweak scale Λ EW = O(100) GeV. Small neutrino masses are strongly suppressed by the ratio between the electroweak scale and the large mass of the right-handed neutrinos, which on the other hand, leaves the theory lacking in experimental testability. However, there are alternatives that allow us to realize the seesaw mechanism at an experimentally accessible level, e.g., the TeV scale. One popular way to lower the seesaw scale is to introduce additional singlet fermions, which have the same masses as the right-handed neutrinos but different CP parity [5] . They can be combined with the right-handed neutrinos to form four-component Dirac fields, while the lepton number is broken by a small Majorana mass insertion. In such a scenario, the masses of the light neutrinos are strongly suppressed by the small Majorana mass insertion instead of the seesaw scale, while the non-unitarity effects in the lepton flavor mixing can also be boosted to an observable level [6] . Other possibilities like structural cancellation [7] [8] [9] [10] or the minimal flavor seesaw mechanism [11, 12] may be employed to construct low-scale seesaw models.
In principle, the current neutrino parameters are observed via low-energy neutrino oscillation experiments. On the other hand, the seesaw-induced neutrino mass operator is usually given at the seesaw scale. Therefore, neutrino parameters are subject to radiative corrections, i.e., they are modified by renormalization group (RG) running effects. Typically, at energy scales lower than the seesaw threshold (i.e., the mass scale of the corresponding seesaw particle), the RG running behavior of neutrino masses and leptonic mixing parameters should be described in an effective theory, which is essentially the same for different seesaw models. However, at energy scales higher than the seesaw threshold, full seesaw theories have to be considered, and the interplay between the heavy and light sectors could make the RG running effects particularly different compared to those in the effective the-ory. However, in the spirit of some grand unified theories (GUTs), a unified description of fermion masses and flavor mixing depends on the lepton flavor structure at the GUT scale, which inevitably requires the RG running between seesaw particle thresholds and above.
The full sets of renormalization group equations (RGEs) in the type-I [1-4], type-II [13] [14] [15] [16] [17] [18] and type-III [19] seesaw models have been derived, both in the SM, and in the Minimal Supersymmetric Standard Model (MSSM) [20] [21] [22] [23] [24] [25] [26] . The general feature of the running parameters have also been intensively studied in the literature, and it has been shown that there could be sizable radiative corrections to the leptonic mixing parameters at superhigh energy scales (see, e.g., Refs. [27, 28] and references therein). In particular, certain flavor symmetric mixing patterns can be achieved at the GUT scale indicating that there might exist some flavor symmetries similar to the gauge symmetry (see, e.g., Ref. [29] and references therein).
Since the RG evolution together with the threshold effects of the heavy seesaw particles may result in visible corrections to the leptonic mixing parameters, there is a need to look into the RG running effects on the leptonic mixing parameters in the TeV seesaw model.
In this work, we will explore in detail the RG evolution of neutrino masses and leptonic mixing parameters in the TeV type-I seesaw model. In particular, we will show that the threshold effects play a crucial role in the RG running of neutrino parameters, and some phenomenologically interesting flavor symmetric mixing patterns may be feasible even at an observable energy scale.
The remaining part of this work is organized as follows. In Sec. II, we first present general RGEs of the neutrino parameters in the type-I seesaw model; in particular, the matching conditions in crossing the seesaw thresholds. Then, the threshold corrections to the neutrino parameters are discussed in detail in Sec. III. Based on the analytical results, we illustrate a phenomenologically interesting numerical example in Sec. IV, in which the bi-maximal leptonic mixing pattern at TeV scale is shown to be compatible with experimental data when the seesaw threshold corrections are properly taken into account. Finally, a brief summary and our conclusions are given in Sec. V. In addition, there are two appendices including the detailed analytical treatment of the threshold effects.
II. RGES IN THE TYPE-I SEESAW MODEL
The simplest type-I seesaw model is constructed by extending the SM particle content with three right-handed neutrinos ν R = (ν R1 , ν R2 , ν R3 ) together with a Majorana mass term of right-handed neutrinos. The mass part of the lepton sector Lagrangian reads
where φ is the SM Higgs boson, while ℓ L and e R denote lepton doublets and right-handed charged leptons, respectively. Here Y e and Y ν are the corresponding Yukawa coupling matrices with M R being the Majorana mass matrix of the right-handed neutrinos. Without loss of generality, one can always perform a basis transformation and work in the basis in which M R is diagonal, i.e., M R = diag(M 1 , M 2 , M 3 ). At energy scales below the right-handed neutrino masses, the heavy right-handed neutrinos should be integrated out from the theory and the masses of the light neutrinos are effectively given by a non-renormalizable dimension-five
where the effective coupling matrix κ can be obtained from the type-I seesaw formula
and the Majorana mass matrix of the left-handed neutrinos is
with v ≃ 174 GeV being the vacuum expectation value of the Higgs field.
Because of the seesaw thresholds, the RG running of neutrino parameters needs to be treated separately. At energies above the seesaw thresholds, the full theory should be considered and the relevant beta-functions are given by [20] [21] [22] [23] 
where 
If we make use of m ν at energy scales above the seesaw threshold, we can derive from Eqs. (3) and (5)- (7) dm
with C m = 1/2. Here, for simplicity, we have defined t = ln µ/(16π 2 ).
At energies below the seesaw thresholds, i.e., in the effective theory, neutrino masses are attached to the dimension-five operator, and the RGE of κ readṡ
where
with λ denoting the SM Higgs self-coupling constant.
In crossing the seesaw thresholds, one should ensure that the full and effective theories
give identical predictions for physical quantities at low energy scales, and therefore, the physical parameters of both theories have to be related to each other. In the case of the neutrino mass matrix, this means relations between the effective coupling matrix κ and the parameters Y ν and M R of the full theory. This is technically called matching between the full and effective theories. For the simplest case, if the mass spectrum of the heavy singlets is degenerate, namely M 1 = M 2 = M 3 = M 0 , one can simply make use of the tree-level matching condition at the scale µ = M 0
In the most general case with non-degenerate heavy singlets, i.e., M 1 < M 2 < M 3 , the situation becomes more complicated and the heavy singlets have to be sequentially decoupled from the theory [30] . For instance, at energy scales between the n-th and (n − 1)-th thresholds, the heavy singlets are partially integrated out, leaving only a 3 × (n − 1) submatrix in Y ν , which is non-vanishing in the basis, where the heavy singlet mass matrix is
Feynman diagrams of the one-loop λ corrections to the neutrino mass operator in the effective theory (left) and in the full theory (right), where p, q and k are the corresponding momenta.
diagonal. The decoupling of the n-th heavy singlet leads to the appearance of an effective dimension-five operator similar to that in Eq. (2), and the effective neutrino mass matrix below M n is described by two parts
where (n) labels the quantities relevant for the effective theory between the n-th and (n−1)-th thresholds. In the SM, the RGEs for the two terms above have different coefficients for the gauge coupling and Higgs self-coupling contributions, which can be traced back to the decoupling of the right-handed neutrinos from the full theory. For instance, we show in 
is UV divergent, whereas the loop integral of the right diagram, i.e.,
is UV finite. Therefore, there is no λ correction to the neutrino mass operator in the full theory, while λ enters the beta-function of κ in the effective theory. See also Ref. [31] for a detailed discussion. We remark that, if the relevant seesaw threshold is above the soft SUSYbreaking scale, such a mismatch is absent in the MSSM due to the supersymmetric structure of the MSSM Higgs and gauge sectors. Therefore, this feature may result in significant RG running effects only in the SM, in particular when the mass spectrum of the heavy neutrinos is quite hierarchical.
III. THRESHOLD EFFECTS IN RGES
We continue to determine the threshold corrections to the neutrino parameters. According to Eq. (13) the neutrino mass matrix between the seesaw thresholds consists of two parts
The beta-functions of these two parts have different coefficients in the terms proportional to the gauge couplings and λ [31] . In the framework of the SM, flavor non-trivial parts in the beta-functions of κ and Y ν are dominated by H ν and H e , which are essentially negligible in the RG running. For example, in a basis where H e is diagonal, the largest entry of H e is proportional to the square of the tau Yukawa coupling, i.e., y 2 τ , which is at the order of 10 −4 and too small to be significant in the RG running. As for H ν , stringent constraints from the unitarity of the leptonic mixing matrix indicate that their contributions in the RG running are not comparable to the flavor blind parts, i.e., the gauge couplings and λ. Hence, we neglect the flavor non-trivial parts in the beta-functions in the following analytical analysis.
For the RG running of the neutrino parameters from one seesaw threshold M n to the nearby one M n−1 , the two parts of the neutrino mass matrix are basically re-scaled to aκ
Explicitly, the mass matrix of the light neutrinos at µ = M n−1 approximates to
In the limit M n−1 = M n , one can easily observe that the second term of Eq. (14) disappears.
In the low-scale seesaw model, when the evolution of the neutrino mass matrix crosses two thresholds (e.g., from M n to M n−1 ), the threshold corrections, i.e., the second term in Eq. (14), provides corrections to the neutrino mass matrix. In comparison to the RG running corrections, the threshold effects are much more significant in changing the value of the neutrino parameters. In order to see this point, we recall that when the neutrino parameters are evaluated below the seesaw scale, i.e., in the effective theory, the only flavor non-trivial corrections in the beta-functions are related to the charged lepton Yukawa coupling Y e .
As we mentioned before, the largest entry in Y e is constrained by the tau mass, and can only be at percentage level. Therefore, no visible RG running effects can be gained in the effective theory. At energies above the seesaw scale, Y ν contributes to the RG running of the neutrino mass matrix as shown in Eq. (9) . In the ordinary seesaw models with GUT scale right-handed neutrino masses, Y ν can be sizable, e.g., at order unity. However, in the low-scale seesaw model, Y ν should be relatively small in order to keep the stability of the masses of the light neutrinos. Although there exist mechanisms that could stabilize neutrino masses without the requirement of a tiny Y ν , there is still very strong restrictions from the unitarity of the leptonic mixing matrix. For example, if one of the right-handed neutrinos is located around the electroweak scale Λ EW , the unitarity of the leptonic mixing matrix sets a general upper bound H ν < 10 −3 unless severe fine-tuning is involved. Therefore, large RG running effects on the mixing parameters can hardly be obtained above the seesaw scale. In the case of threshold corrections, the situation becomes quite different, since in Eq. (14) the flavor non-trivial corrections are proportional to the gauge couplings and λ, which do not suffer from the unitarity constraints and can be of order unity. In particular, if the light neutrino mass spectrum is highly degenerate, sizable corrections to the neutrino parameters could be naturally obtained.
In order to investigate the threshold effects on the neutrino parameters, we present series expansions of the leptonic mixing angles and the light neutrino masses. In particular, we make use of the so-called Casas-Ibarra parametrization [32] , in which Y ν is determined by
in a basis where M R is diagonal. Here, U is the leptonic mixing matrix D κ denotes the eigenvalue matrix of κ, while O = R 23 (ϑ 1 )R 13 (ϑ 2 )R 12 (ϑ 3 ) with R ij (ϑ k ) being the elementary rotations in the 23, 13, and 12 planes, respectively. Different from the leptonic mixing angles, ϑ i are in general complex. 1 For simplicity, we will assume CP conservation in this in-vestigation (except from in the appendices), i.e., O is a real orthogonal matrix parametrized by three real angles. A detailed derivation with CP-violating effects can be found in Appendix A. The neutrino mass matrix at the scale µ = M n can be diagonalized by using a unitary transformation, viz.
with m i (i = 1, 2, 3) being the light neutrino masses. Then, at the scale µ = M n−1 , the first-order correction to the leptonic mixing matrix is calculated bỹ
and the masses of the light neutrinos are given bỹ
Here n denotes the radiative corrections between the n-th and (n − 1)-th thresholds. See
Appendix A for the detailed derivation of Eqs. (20) and (21).
Inserting the parametrizations of U and O into the above equations, one can easily obtain the threshold corrections to the leptonic mixing parameters. For example, evolving the RGEs from M 3 to M 2 , the leptonic mixing angles are modified tõ
where s i = sin ϑ i and c i = cos ϑ i , and the terms proportional to εs 13 have been ignored. The light neutrino masses at the scale µ = M 2 are approximately given bỹ
We refer the reader to Appendix B for the complete analytical derivation of the threshold corrections to the leptonic mixing angles and the light neutrino masses.
Note that the mass differences in the denominator of Eqs. (22)- (24) Due to the threshold effects, large corrections to the leptonic mixing angles can be achieved even at a very low energy scale, which provides us with a possibility of testing the threshold effects experimentally. On the other hand, for flavor symmetric theories constructed at low energy scales, e.g., the TeV scale, the seesaw threshold effects should be properly taken into account although the RG running happens in a relatively short distance.
Compared to the threshold corrections to the leptonic mixing angles, there is however no enhancement factor in the RG evolution of the neutrino masses. In the case of CP violation, the running CP-violation phases are also affected by the threshold effects. However, since there is no experimental information on leptonic CP violation, we will not present further analysis of the running CP-violating phases. In what follows, we will illustrate the threshold effects on the leptonic mixing angles and concentrate on the possibility of attaining flavor symmetric mixing patterns at a low energy scale.
IV. NUMERICAL ANALYSIS OF THRESHOLD EFFECTS IN RGES
In our numerical analysis, we adopt the values of the neutrino mass-squared differences ∆m 2 ij and the leptonic mixing angles θ ij in the standard parametrization [34] from a globalfit of current experimental data in Ref. [35] that we assume to be given at the energy scale decreases by about ten degrees from M 3 to M 1 . This can be compared to a similar study of obtaining the bi-maximal mixing pattern at the GUT scale [37] . Such a significant effect can be understood from our analytical results. For instance, in the RG running between Note that, although all the three mixing angles do not stay at their initial input values, the change of θ 12 is generally larger than those of the other two mixing angles. In view of
Eqs. (22)- (24), θ 13 and θ 23 could only be amplified by the inverse of ∆m It should be mentioned that, in the supersymmetric framework, the RG running of leptonic mixing angles may also be enhanced by a large value of tan β. However, it has been shown that, in the MSSM, θ 12 generally tends to increase when running down from high energy scales [50, 51] , which means that many flavor symmetric mixing patterns are unfavorable.
For completeness, we also show the RG running of the masses of the light neutrinos in Fig. 3 . One reads directly from the figure that there is no significant threshold corrections to the neutrino masses, which is consistent with our analytical results. Note that we do not include CP-violating effects in our analysis. Now that they may affect the RG running behavior of mixing angles, a thorough study of the RG running CP-violating phases is worthy, but out of the scope of this work, and hence will be elaborated elsewhere.
As a result of the freedom in O, various RG running behaviors of the leptonic mixing angles become viable for different choices of ϑ i . Once a certain mixing pattern is fixed at a high energy scale, i.e. µ = M 3 , one can tune the rotation angles ϑ i so as to achieve the experimentally measured data at low energy scales. Concretely, we show an example in Fig. 4 , in which the bi-maximal mixing pattern of U is fixed at the scale µ = M 3 , while the parameter spaces of ϑ i at 1σ, 2σ, and 3σ C.L. are shown in the plot. The colored areas correspond to the choice m 1 (M 3 ) = 0.05 eV, while the curves m 1 (M 3 ) = 0.03 eV. As we have estimated before, in the case of m 1 = 0.05 eV, significant corrections could be received for θ 12 , and therefore, the bi-maximal mixing pattern can be easily fetched at higher energy scales. For the case of a smaller m 1 , the parameter spaces of ϑ i shrink a lot, and a larger value of ϑ 1 , e.g., ϑ 1 ≃ 90
• , is more favorable. In particular, ϑ 1 ≃ 0 is ruled out, which can be seen from Eq. (23) where the threshold correction to θ 12 is suppressed for small ϑ 1 .
We remark that, although we only consider the normal hierarchy of light neutrino masses in our numerical analysis, the main results are unchanged if the inverted mass hierarchy is assumed, i.e., m 3 < m 1 < m 2 . The reason is simply that the RG running of θ 12 is mainly affected by the inverse of ∆m 2 21 , which does not flip its sign for different neutrino mass hierarchies. In the limit of a highly degenerate spectrum of light neutrino masses, i.e., m 1 ≃ m 2 ≃ m 3 , sizable enhancements of RG running can also be acquired for both and the real part gives the corrections to the neutrino masses, i.e.,
In addition, the imaginary part is
Next, to obtain the corrections to the leptonic mixing matrix, we study the non-diagonal part of Eq. (A7), which is
Now, the real and imaginary parts of Eq. (A11) yield
respectively. Therefore, all the elements of T can be obtained by using Eqs. 
As one application, we consider the threshold corrections in the main context. Below the scale µ = M n , one should take [cf. Eq. (14)]
as the perturbation to m ν . Using the matching condition at µ = M n , κ (n) can be expressed in terms of Y ν as
is the n-th column of Y ν . Here we will make use of the Casas-Ibarra parametrization of Y ν [cf., Eq. (18)], which allows us to express the corrections to U in terms of the rotation angles ϑ i and the low-energy parameters. For a general U and Y ν , one can calculate the matrix Λ = Λ (n) , giving the contribution of κ (n) for µ below the threshold M n ,
Inserting the above equation into Eq. (A9), one directly arrives at the neutrino masses at the scale µ = M n−1 , i.e.,m
Also, the components of the matrix T can be calculated as
Note that O ij may, in principle, have very large absolute values if they are complex. If O is real, or purely imaginary, 3 the corrected mixing matrix at the lower scale µ = M n−1 reads
Appendix B: Corrections to the leptonic mixing angles and the light neutrino masses
In the following, we use the analytical results obtained in Appendix A to derive explicit expressions for the threshold corrections to the leptonic mixing angles and the light neutrino masses. Here, for simplicity, we assume CP is preserved, i.e., all the CP-violating phases are taken to be zero. Since the perturbation is linear in κ, one should, for µ between the n-th and (n − 1)-th thresholds, simply add the contributions from all the thresholds above µ.
2 If all the right-handed neutrinos are located at the same energy scale, one would effectively obtain a summation over the index n, giving the result Λ ij = (b − 1 + ε)δ ij m i = aδ ij m i , since OO T = 1. 3 That is with "low-energy" but without "high-energy" CP-violation. 
In the nearly degenerate case, i.e., m 1 ≃ m 2 ≃ m 3 , the above formula approximates to 
One can observe that the correction to θ 13 is actually independent of s 13 . Furthermore, note that this expression is proportional to √ m 1 m 3 /(m 3 − m 1 ). Thus, the correction cannot be very large, since there is no 1/(m 2 − m 1 ) enhancement.
b. Correction to θ 12
Similarly, using Eq. (A23), the threshold correction to U e2 can be obtained as 
To obtain the correction to s 12 , we note that, in the standard parametrization, 
